ABSTRACT Muscle fibers from individuals with hyperkalemic periodic paralysis generate repetitive trains of action potentials (myotonia) or large depolarizations and block of spike production (paralysis) when the extracellular K+ is elevated. These pathologic features are thought to arise from mutations of the sodium channel a subunit which cause a partial loss of inactivation (steady-state Pope,n 0.02, compared to < 0.001 in normal channels). We present a model that provides a possible mechanism for how this small persistent sodium current leads to repetitive firing, why the integrity of the T-tubule system is required to produce myotonia, and why paralysis will occur when a slightly larger proportion of channels fails to inactivate.
INTRODUCTION
Several laboratories have recently proposed that many inherited forms of myotonia and periodic paralysis may be caused by a failure of the voltage-gated sodium channel to inactivate normally (reviewed in Ref. 1) . With the threeelectrode voltage clamp, Lehmann-Horn, Rudel, and colleagues discovered a noninactivating, tetrodotoxin (TT)-sensitive, inward current in fibers biopsied from patients with hyperkalemic periodic paralysis (HPP) (2) (3) (4) and paramyotonia congenita (PC) (5) that was absent in normal muscle. We showed that, in the presence of 10 mM extracellular K+, sodium channels from HPP muscle entered a noninactivating mode of gating in 5-10% of trials as evidenced by prolonged open times and persistent reopenings (6) . Both HPP and PC are inherited in an autosomal dominant manner with high penetrance. All families studied thus far with HPP and PC have demonstrated tight genetic linkage with no recombinations to SCN4A, the genetic locus of the a subunit of the adult isoform of the skeletal muscle sodium channel on chromosome 17q (7) (8) (9) . Several different point mutations have been identified in SCN4A from families with HPP (10, 11) and PC (12) . When the HPP mutations are introduced into the sodium channel cDNA isolated from rat skeletal muscle, the expressed channels fail to inactivate completely (13) . Incomplete inactivation of sodium channels has also been recorded in cell-attached patches of muscle biopsied from patients with myotonic dystrophy (14) , generalized recessive myotonia (15) , and the Schwartz-Jampel Syndrome (16) . For these latter three disorders, however, genetic analysis has not yet established linkage to nor identified a mutation in SCN4A.
If a disruption of sodium channel inactivation is to be accepted as a possible cause of some forms of myotonia and periodic paralysis, then it is crucial to establish that the identified functional defect in channel gating is sufficient to cause the phenotype. In a previous study, we created an in vitro model of the sodium channel defect by applying a polypeptide toxin from Anemonia sulcata (ATX II) to a fast twitch muscle of the rat hindleg (17) . Those experiments demonstrated that self-sustained trains of action potentials and myotonic twitch responses develop when the muscle is bathed in 10 ,um ATX II. At that concentration of toxin, sodium currents in the sarcolemma had a noninactivating open probability of 0.015-0.02 at -10 mV. This degree of inactivation failure is at the lower end of the range that was recorded in myotubes cultured from a patient with HPP (6) . We presume that paralysis would have been produced if we could have disrupted inactivation for a larger proportion of sodium channels-an extrapolation that can easily be achieved in a computational model.
The aim of the present study is to investigate how an alteration in sodium channel gating influences the electrical excitability of the entire muscle fiber. Previous simulations with the Hodgkin-Huxley equations for the squid axon at 6°C have shown that noninactivating sodium channels can cause a new resting state at depolarized potentials and can lead to repetitive discharges if the peak K+ conductance is lowered or if deactivation of the sodium current is slowed (18, 19) . Our model uses parameters for conductances measured in mammalian muscle at room temperature, and more importantly, incorporates a T-tubule compartment which significantly increases the membrane impedance in comparison to nerve and which forms a diffusion-limited space for the activity-driven accumulation of K+. The model is complete enough to simulate the main features of normal, myotonic, and paralytic muscle, and yet simplified enough to allow intuitive insight as to how incomplete inactivation of the sodium conductance alters the overall behavior. Membrane potential transients recorded from rat muscle that was exposed to anemone toxin are presented for comparison to the model responses.
fluid/unit area of surface membrane, I. (mA/cm2), is a combination of the capacitive, ionic and T-tubular components as shown in Fig. 1. (1)
Im ic + iIonic + It
The T-tubule and extracellular fluid spaces are separated by an access resistance at the vestibule of the tubule, Ra (150 ohm-cm2 (22) ), so that It may be computed as:
V-V where V is the potential across the surface membrane, Vt is the potential difference across the T-tubular membrane. Notice that It is the total current leaving the T-tubular system/unit area of surface membrane. Substituting Eq. 2 into Eq. 1 and expressing Ic in terms of the capacitance/unit area of surface membrane, Cm (1 puF/cm2), yields equation (3) as follows.
THEORY
A two-compartment model for muscle In the present model, the internal resistivity of the muscle fiber is assumed to be negligible. This assumption implies that the fiber is space-clamped such that all points of the sacrolemmal membrane are at the same potential and action potentials are nonpropagated in space. We think this approximation is a reasonable starting point since, in a previous model of fibers with a low chloride conductance by Adrian and Marshall (20) , the tendency to produce myotonic versus normal action potentials did not depend strongly on propagation parameters (internal resistivity or fiber diameter). Furthermore, this approximation simplifies the membrane equations such that an intuitive understanding may be retained, and it reduces the computational task tremendously.
A common feature of myotonia arising from distinctly different channel defects, either incomplete inactivation of the sodium conductance in ATX II-treated fibers (17) or a low chloride conductance in the myotonic goat (21) , is a dependence on the integrity of the T-tubule system. Thus a minimally sufficient model must incorporate both surface and T-tubular membrane compartments. In the current theory, we will assume that the T-tubular membrane is space-clamped radially so that the entire T-tubule attached to a unit area of surface membrane can be modeled as a single compartment.
The total current passing between the sarcoplasm and the extracellular dV V-Vt
Im=Cm dt + + Ra ( 3)
The analogous current balance may be written for the T-tubular membrane.
The specific capacitance/unit area of membrane, Cm, is assumed to be identical for both the surface and T-tubule membranes. Ionic currents through voltage-gated channels are included in the T-tubule membrane. Equation 4 describes the current flowing across the total area of T-tubule membrane attached to 1 cm2 of surface membrane.
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YCmyd + Ylionic (4) The carat is to explicitly denote current density/unit area of T-tubular membrane for the ionic current. y is the ratio of the T-tubular membrane area/unit area of surface membrane and equals 4.8 for a fiber with a radius of 40 ,um (Adrian et al. (23) , based on measurements by Peachy (24) ).
The ionic currents consist of a leak current with a constant conductance, a delayed rectifier K+ current and a regenerative Na+ current. The latter two are approximated by the Hodgkin-Huxley equations which empirically describe the time and voltage dependence of the open probability for each channel type. The voltage-gated ion channels in the T-tubule are assumed to have the same kinetics and conductances as those of the surface membrane. The density of ion channels, however, is not necessarily the same for the two membranes. The open-channel I-V relationship for all channels is assumed to be ohmic. The ionic currents for the surface surface membrane 
Accumulation of K+ in the T-tubule (6) The model assumes that the T- 
where F is Faraday's constant, and it has been assumed that 15% of the leak current is carried by K+ ions. The diffusion of K+ between the T-tubular space and the extracellular space is modeled as a passive (that is, voltageindependent) first-order rate process with a time constant TK. This time constant is determined experimentally by the half time for the recovery of the K+ conductance after an extreme hyperpolarization (26) or by the half time for the decay in the after-depolarization which follows a train of repetitive discharges in a muscle fiber (21, 27 
The ionic current flowing/unit area of T-tubule membrane is described by iionic = Tl X gi X (Vt -t1) + 71Na X gNa X (Vt -PN.)
+ TIK X gK X (Vt -SK) (13) where q is the ratio of T-tubule-to-surface channel density and t is the reversal potential for a given channel across the T-tubule membrane. The functional defect in the inactivation of sodium channels was modeled by setting h equal to 1 for a fraction of channels: (14) where 0 <f< 1 is the fractional proportion of noninactivating sodium channels. In terms of channel behavior,f equals the steady-state open probability at depolarized potentials, where m 1-and h 0. Although the patch-clamp results for HPP muscle from one family showed thatfclearly increases with
[K]o (6) , the model computations herein used a fixed value offfor any given simulation. A constant f is analogous to a fixed concentration of ATX II
Selection of model parameters
One confounding feature of the model that potentially limits the interpretation of simulations is the large number of parameters. Fortunately, a reasonable degree of agreement exists within the body of reports published on the electrical properties of skeletal muscle. Furthermore, many of the major conclusions from the simulation, such as the stability of equilibrium potentials, the existence of repetitive firing, and the shifts in the resting potential, all arise as a consequence of the dynamical properties of the system equations and are not critically dependent on any one choice of parameter values.
The parameter values used in the computation of the ionic conductances are listed in (22) so that m3 = 0.5 at v = -40 mV as reported for rat (28) . K Kh and Vh were increased from the values of 7.6 and -41, respectively, in Adrian and Peachy (22) so that h. = 0.5 at -80 mV and that the slope factor in a Boltzmann fit of ho(V) equaled 5.65 as reported by Almers et al. (31) . § g, was chosen such that the total membrane conductance in the vicinity of the resting potential equaled 2 mS/cm2 as reported for rat muscle by Palade and Barchi (25) .
is to compare the binding of channel-specific toxins before and after detubulating the fiber osmotically. Jaimovich et al. (32) reported that in frog muscle a 50% reduction in TTX binding results from detubulation. When combined with the estimate of the ratio between the surface area of T-Tubule and surface membrane, y = 4.8 (24) , the binding study implies that the relative density of sodium channels is 1/,y in the T-tubule compared to the surface membrane or qNa equals 0.21. Caille and colleagues (33) used frog semitendinosus in a double sucrose gap apparatus and rapid bath exchanges with TTX or low-Na+ saline or detubulation to dissect out a sodium current contributed by the T-tubule system. The peak amplitude of the T-tubule component was about 20% of the surface Na+ current. If it is assumed that the T-tubule membrane was well clamped, then the sodium channel density would be predicted to be severalfold lower than the value from the binding data. Adrian and Peachy used a value of 0.05 in their model (22) . We have chosen an intermediate-value of 7lNa = 0.1.
Even less information is available for the estimate of qK. Palade and Barchi (25) reported that the potassium contribution to the steady-state conductance of rat muscle appears to reside totally in the surface membrane. The range of test potentials they used, however, may not have activated the delayed rectifier in the T-tubule. Conversely, in amphibian muscle Eisenberg and Gage (34) showed that about 67% of the total potassium conductance resides in the T-tubules. Since it is reasonable to assume that Kn4 << ga l/Ra near Vrest, then the access resistance can be neglected and the total K' conductance is simply the sum of the surface and T-tubule contributions, 44 gKn + Y71K X gKn , respectively. Therefore the spatial distribution of the K' conductance reported for frog implies that -4 0.67 = Yq)K XgK n YTIK (17) gKn + TYK X gKn 1 (20) . Thus will depolarize by up to approximately 1.5 mV, and V will depolarize by 1 mV if = 0.42. This value of , implies that 71% of the total leak conductance is contributed by the T-tubule membrane and agrees with our previous estimate based on the conductance change caused by detubulation.' ' It is worth noting that Eq. 20 shows why AV will be only a fraction of AE,.
Furthermore, because the dependence on q, is hyperbolic, Ma//at falls off precipitously as q, decreases from 0.5, and extraordinarily high values of mq are required for l//lat to approach 1.0. This illustrates a problem with hypothesis that K+ accumulation in the T-tubule causes the afterdepolarization in amphibian muscle. In that preparation only about 18% of the total conductance is contributed by the T-tubule membrane (34) so that E, must shift by 5.6 mV to depolarize V by 1 mV. The rise in [K] , required to produce this shift as a consequence of a single action potential seems excessive. 
METHODS

Computation of model responses
All computations were performed on a 486-based personal computer (Northgate, Minneapolis, MN) which was programmed using the QuickBASIC environment (Microsoft, Redmond, WA). V and Vt were computed by numerical integration of the coupled differential equations in Eqs. 3 and 4. The initial conditions (resting surface and T-tubule potentials) were determined by setting the differentials in Eqs. 3 and 4 to zero and iteratively adjusting V until the net membrane current balanced the applied current. When the computation of the ionic currents are considered explicitly as in Eqs. 5-7 and 9 as well as the change in [K]t in Eq. 16, the complete system consists of nine coupled first-order nonlinear differential equations. Euler's method of integration was used with a variable time step. The maximum At was set at 0.1 ms unless otherwise noted. This value was reduced by a factor of 2 whenever AV (dV/dt)At exceeded a threshold of 0.5 mV, and a submaximal At was increased two-fold when AV was less than the voltage threshold. The existence of oscillations in the solution to the system equations can be predicted explicitly on theoretical grounds and was not dependent the size of At. Simulation of a single 300-ms run required approximately 4 min of computation time.
Voltage transients in rat muscle fibers The in vitro model for myotonia in normal rat muscle has been presented elsewhere (17) . Briefly, the extensor digitorum longus was dissected from the hind leg of an acutely decapitated rat and kept at room temperature in an oxygenated and bicarbonate-buffered saline bath. Transmembrane voltage was recorded from single fibers with a 3 M KCl-filled microelectrode, and stimulating currents were passed by a 2 M potassium citrate-filled microelectrode placed 40-80 gm from the recording electrode. A partial loss of sodium channel inactivation was induced by adding micromolar amounts of anemone toxin to the saline bath. d-Tubocurare (10 mg/ liter) was added to block acetylcholine-induced responses evoked by the effects of anemone toxin on nerve endings. The proportion of noninactivating INa at a particular toxin concentration was determined in a sacrolemmal bleb preparation by measuring the steady-state open probability of unitary currents during prolonged depolarizations.
RESULTS
Simulation of normal muscle
The resting potential of a simulated fiber was -85 mV when [K] o was at a baseline value of 4.0 mM, and the ambient temperature was set to 295 K. This potential is determined primarily by the reversal potential of the leak current (-85.0), because that conductance dominates over all other ionic conductances. The current-voltage relationship in steady state is shown in Fig. 3 . For this simulation, potassium accumulation in the T-tubule was disabled so that the model would approximate the Im-V relationship observed experimentally in voltage-clamped fibers at quasi-steady state; that is, a few hundred milliseconds after the voltage step. The slope conductance equaled 2.2 mS/cm2 at the resting potential. The contribution of each individual current is depicted by the light lines and shows that the majority of the resting conductance was due to It. Near the resting potential, It was produced mainly by current through the leak conductance in the T-tubule membrane. Approximately 70% of the resting conductance was contributed by the T-tubule because of the choice in parameters for the relative density of the leak conductance in the T-tubule membrane, %, and the amount of T-tubule membrane electrically coupled to a unit area of surface membrane, y. The slope conductance initially decreased as Vwas depolarized and then sharply increased when the K' conductance was activated near -48 mV. This initial decrease in the total membrane conductance was caused by a small inward Na+ current which occurred because there was a nonzero overlap in the voltage dependence of steady-state inactivation and activation, h,(V) X m.(V)3, even in a normal fiber. In the absence of external current injection, there was only one possible equilibrium potential, where Im = 0. This locus determined the resting potential and was mathematically stable.
The model behavior to brief and long-duration current injection is compared to responses recorded from rat fasttwitch muscle in Fig with a two exponential time course for both the model (Fig.  4 A) and the rat muscle (Fig. 4 B) . The decay was not monoexponential, because the surface membrane relaxes more quickly from a subthreshold depolarization than the T-tubule membrane. For the limiting case where the two membrane compartments are completely decoupled (ga = 0), the surface membrane has a time constant of Cm/gL which is smaller than that of the T-tubule membrane, (C./1gjg1). The accumulation of K+ in the T-tubule during a single action potential is shown in Fig. 4 A. This 0.2 mM increase 5 Myotonic discharges computed when noninactivating Na+ channels were incorporated into the model or when muscle fibers were exposed to ATX II. A current pulse of 1.5 x threshold (45 p,A/cm2) was applied for 150 ms in each simulation. The proportion of noninactivating Na+ channels, f, was varied as follows: (A) 0.015, (B) 0.018, (C) 0.02. At the end of the stimulus interval, [K] , had increased to 9.4, 11.0, and 12.0 mM, for the three respective values off. All other parameters are set to their normal values as listed in Table 1 . (D) In 10 ,uM ATX II, suprathreshold current stimuli elicited repetitive discharges which were followed at the end of the stimulus by an after-depolarization or sometimes after-discharges. In some fibers, repetitive discharges progressed to a stable depolarization of the membrane. For these three different fibers, the current intensities were (left to right) 90 nA (2 x threshold), 75 nA (1.5 X threshold), and 80 nA (1.3 X threshold).
in [K] , was comparable to the value estimated by Adrian and Marshall (20) , and caused an after-depolarization of the surface and T-tubule membranes of 0.7 and 0.9 mV, respectively.
The model and rat muscle responses to a long-duration stimuli is shown in Fig. 4 40 miec membrane (17) . As described below, however, a perturbation in V from the resting potential may cause the system to relax to a new equilibrium potential. These additional equilibrium potentials, both stable and unstable, occur whenf > 0. The stimulus threshold to fire an action potential was not significantly reduced by the presence of noninactivating Na+ channels (0 < f < 0.1), and the latency to firing was not increased at the threshold intensity. In contrast, the responses in the low gcl fibers of the myotonic goat had a reduced current threshold and an increased latency to discharge at threshold (21) . Even in normal rat muscle, a small probability exists that a sodium channel will reside in the open state long after the membrane is depolarized (17) . This small value of f = 0.001, however, did not change the response to longduration current injection. Only a single action potential was elicited and the response was indistinguishable from that in Fig. 4 C.
Simulations with long-duration current injection are shown in Fig. 5 for three different proportions of noninactivating Na+ channels, f. When f was greater than 0.0075, suprathreshold stimuli produced a train of discharges during the stimulus interval. Activity-dependent accumulation of T-tubular K+ caused a progressive depolarizing shift which was apparent at the end of each successive action potential. Because the vast majority of Na+ channels inactivated normally, the depolarizing shift caused a progressive attenuation in the amplitude of the repetitive spikes. The 11 .0 mM when the current injection ended. The after-depolarization was then large enough to trigger a series of discharges (Fig. 5 B) . The frequency of spikes, however, was low enough relative to rate of the decay in [K] Fig. 5 B. For a 100-ms stimulus no after-discharges occurred and the response was of the form in Fig. 5 A. Conversely, a 200-ms stimulus evoked a train of discharges with progressively increasing frequency, and eventually V settled at a depolarized equilibrium potential as in Fig. 5 C. The difference in these three cases was the value [K]t had attained by the end of the stimulus period. These three forms of after-response were observed in rat muscle when steps of depolarizing current applied to fibers exposed to 10 ,uM ATX II (Fig. 5 d) . At that toxin concentration, the Na+ channel steady-state open probability, which is numerically equivalent to f in the model, was 0.018 0.003 (17) .
Effects of detubulation In several experimental preparations it has been established that an intact T-tubular system is required for the production of myotonic runs of discharges continuing after the termination of the current injection (17, 21) . This is a requirement for both the low-chloride conductance and the noninactivating sodium-channel mechanisms of myotonia. Detubulation was introduced into the model by increasing the access resistance, Ra. Complete electrical decoupling of the surface and T-tubular membranes occurs when Ra approaches infinity. Such a drastic increase, however, also causes a loss of 70% of the leak conductance because of the distribution of shift inactivated more and more of the normally inactiva- (Fig. 6 A) . A triplet of damped action potentials occurred for larger stimulus intensities of 1.7X threshold or higher (Fig. 6 B) . The depolarization in the T-tubule membrane during a surface action potential was only 14 mV, and [K]t did not change. The decoupling of the sarcolemma from the T-tubular membrane the stimulus, but there was no progressive depolarizing shift in V, afterwith its associated longer time constant caused a reduction in the duration of the surface action potential. Noninactivating sodium channels tremendously enhanced the myotonic features of the partially detubulated model. A train of repetitive spikes occurred during the stimulus whenever f exceeded 0.0045. After-discharges, however, never occurred with partial detubulation. To maximize the likelihood of producing after-discharges, simulations were performed with a relatively large proportion of noninactivating sodium channels, f = 0.02, and with current intensities of 1 X and 2 X threshold applied for 150 ms. The responses in Fig. 6 , C and D, show that a train of uniform amplitude spikes occurred during the stimulus but no after discharges were observed. The response in a detubulated rat muscle fiber with disrupted inactivation (10 ,uM ATX II) is shown for two different stimulus intensities in Fig. 6 , E and F. Just as in the model simulation, there was no cumulative depolarizing shift during the train of spikes and there was no after-response.
Detubulation had four effects. 1) The T-tubule membrane was never significantly depolarized by the surface spikes. 2) No K+ accumulation occurred in the T-tubular space. 3) Any A B Biophysical Journal change in the reversal potential for the leak or K+ conductance of the T-tubular membrane did not influence V significantly, as expressed in Eq. 19.2 4) The effective capacitance for the entire fiber was reduced. Therefore, in the simulation of even partially detubulated fibers, there was no progressive depolarizing shift at the end of each discharge, no variation in the amplitude of the repetitive discharges during the stimulus, and no slower phase of repolarization of V at the end of the stimulus. No after-depolarization or afterdischarges occurred. These features all require an intact T-tubule system and the depolarizing influence it exerts after repetitive activity. The specific mechanism is most likely an accumulation of K+ in the T-tubular space. In addition, the reduced capacitance caused a reduction in the duration of action potentials on the surface membrane. All of these features were also evident in the responses recorded from detubulated muscle fibers (17) .
Response to short-duration current stimuli
The model response to a brief suprathreshold stimulus, with the T-tubule compartment intact, is shown in Fig. 7 for varying proportions of noninactivating Na+ channels. The persistent Na+ current increased the duration of the action potential, and iffwas large enough, caused the system to settle at a depolarized equilibrium potential. Values off from 0.01 to 0.02, that were sufficient to cause trains of action potentials for long duration current injections, caused only a minute change in the duration of the action potential. Thus, as we observed in ATX II-treated rat muscle, the response to long-duration stimulation is a more sensitive index of noninactivating sodium channels than the duration of an action potential from a brief stimulus (Ref. 17, Fig. 6 ). It is also important to note, however, that only a rather modest increase in f, to f 2 0.07, was required to cause the system to settle at a depolarized equilibrium potential after a single discharge. This degree of inactivation failure is comparable to that recorded from Na+ channels in muscle biopsied from a patient with hyperkalemic periodic paralysis (6) . Thus the model predicts that it is possible to progress from a state of normal action potential conduction to one of depolarization block without passing through a region of repetitive discharges with a slow accumulation of T-tubular K+. The clinical correlate is that many patients with HPP experience attacks of flaccid paralysis without first passing through a period of myotonic stiffness.
Current-voltage relationship
The existence of the depolarized equilibrium potential that occurred with noninactivating Na+ channels can be easily demonstrated from the Im-V relation. A quasi-steady-state Im-V curve is shown in Fig. 8 for a range of values of f. As in Fig. 3 Fig. 8 shows that multiple equilibrium potentials existed whenever f was greater than 0.018. The equilibrium potential at -85 mV was always stable and the right-most equilibrium potential was stable iff exceeded 0.047. Fig. 7 shows, however, that f must be 0.07 or greater in order for the repolarizing phase of an action potential to settle at the depolarized equilibrium potential.
In the complete model, therefore, it is not difficult to envision the existence of multiple equilibrium potentials from the Im-V relationship, but it is not possible to predict which value the system will settle to at steady state. The model could be characterized by performing a large number of simulations (18), but it is more efficient and insightful to examine the global behavior of the system with a phase-plane analysis of a reduced model.
Phase-plane analysis of a reduced model
It is possible to simplify the model while retaining those elements that produce myotonic discharges or paralysis. Consider the behavior of the complete model in the region of most interest-the falling phase of the action potential (cf. Fig. 7 ). At this point the response diverges to either normal repolarization, repetitive firing, or stabilization at a depolarized equilibrium potential. Here the falling phase of the action potential is slower than the kinetics of activation for Na+ channels so
In this voltage range the normal Na+ channels are almost fully inactivated so that h(V,t) 0. This approximation constrains the system such that the Na+ current will be passed solely by the noninactivating fraction of channels. Thus from 3 The minimum value off required to cause multiple points of intersection between the JmnV curve and the ordinate depended on [K],. Thus for values off < 0.018 the system still may come to rest at a depolarized equilibrium potential, provided [K] , is large enough. Eq. 21, the Na+ current is defined as INa f X gNamoc X (V -ENa) (22) 
dn -= an X (1-n) -3 X n. (24) Solutions to this reduced system of equations may be represented graphically in a single plane which allows a geometric interpretation of their behavior (35) . Because the derivatives of V(t) and n(V,t) do not explicitly depend on time, t, the system is autonomous and has unique, nonintersecting trajectories in the n-V phase plane.
The voltage response of the reduced model to an impulse of depolarizing current is compared to that of the full model in Fig. 9 A (top) . The the peak amplitude was smaller in the reduced model, because less Na+ current was available to depolarize the membrane with h = 0. Nevertheless, the approximation was fairly accurate and the computation was simplified significantly. The time course of n(V,t) also shows very little difference between the full and reduced models. The trajectory of an action potential in the n-V phase plane was constructed by plotting pairs of n and V at each time step, 0.1 ms (Fig. 9 B) . The trajectory started at point A, the resting potential. The brief current pulse instantaneously depolarized the membrane to point B. n initially remained unchanged, because the activation of K+ channels is not instantaneous. The Na+ current through the noninactivating channels then caused the trajectory to continue further in the depolarizing direction. Simultaneously, K+ channels were activated so n slowly increased and the trajectory turned upward. Eventually the outward potassium and leak currents balanced the Na+ current, at point C, dV/dt equaled 0, and the trajectory began to move in the hyperpolarizing direction. This is the falling phase of the action potential. Repolarization continued and Vreturned to the resting potential at point A.
The general path of any trajectory in the n-Vplane may be deduced geometrically by computing the derivatives specified by Eqs. 23 and 24. The n-nullcline represents all points where dnldt = 0; n is constant, and any trajectory must be moving horizontally. The locus of these points is the familiar sigmoidal n( V) curve which is drawn as a dashed line in Fig.  9 B. For all regions above this curve dn/dt < 0 and every trajectory must move downward. Conversely, at all locations below this curve dnldt > 0, and the trajectory must move upward in the direction of increasing n. A second nullcline in the n-Vplane is defined by the locus of all n, v pairs where dV/dt = 0. The V-nullcline was computed from Eq. 23 by setting dV/dt = 0 and solving the fourth-order algebraic equation in n at any given V. These points lie on two branches of a curve in Fig. 9 B. Analogous to the argument for n, every trajectory must be moving vertically as it crosses the V-nullcline. At all locations to the left of and below the V-nullcline, dV/dt > 0 and trajectories course rightward in the depolarizing direction; the response is regenerative. In the region above the V-nullcline, dV/dt < 0, and trajectories moved in the hyperpolarizing direction. An appreciation of the significance of nullclines allows a geometric interpretation of threshold: the initial step depolarization in V must be large enough to cross the V-nullcline, otherwise the trajectory will relax back toward the resting potential without depolarizing further in the rightward direction. The other geometric constraint for the autonomous system of Eqs. 23 and 24 is that no trajectories intersect. These limitations on the possible paths for any arbitrary trajectory in the n-V plane allowed a rapid geometrical intuition for all trajectories after computing the path of a small number of examples. Nullclines intersect at singularities where neither n nor V is changing, and thus these loci are equilibrium positions. They may be either stable or unstable equilibria. Stability was assessed at each equilibrium position by computing the eigenvalues of a first order approximation of Eqs. 23 and 24 in the neighborhood of the singularity (see Appendix). All local trajectories approach stable singularities as time proceeds. The approach may be asymptotic or spiral, for realor complex-valued eigenvalues, respectively. In the n-V phase plane, the singularity at point A (Fig. 9 B) was always a stable node with negative real-valued eigenvalues. With this mathematical characterization of an equilibrium potential, a generalized description for the behavior of the membrane voltage can be stated without having to perform an exhaustive set of simulations: after any current pulse, the membrane voltage will approach the resting potential monotonically without ever oscillating about this voltage.
The repertoire of possible behaviors of the reduced model can be determined by computing how the equilibrium points shift and change in stability character as eitherf or [K] Fig. 10 where the extracellular [K] remained equal to 4 mM. Since n(V) does not explicitly depend on f (Eq. 24), the n-nullcline does not shift as f is varied. Also notice that the left-hand branch of the V-nullcline is insensitive to changes in f, leaving only the right branch of the V-nullcline to vary. The eigenvalues were computed at each equilibrium potential, and the stability of each locus is indicated by a particular symbol. Filled circles indicate real-valued eigenvalues that are negative and correspond to stable nodes. All local trajectories move toward a stable node without spiraling around it. The correlate in the time domain is a monotonic approach to an equilibrium potential without any oscillations. Open triangles indicate equilibrium potentials that were unstable saddles. The eigenvalues at these loci were also real-valued, but one was greater than zero and created the instability. Local trajectories veered away from an unstable saddle as time progressed without wrapping around it. Thus again, the temporal course was nonoscillatory. The squares mark equilibrium potentials that had complex-valued eigenvalues. This created a focus, either stable or unstable, which produced a spiral in the phase plane and oscillations in the time domain. A focus was stable when the real part of the eigenvalue was less than zero and these points are shown as filled squares. A local trajectory spiraled The pair of thin curves delineates the basin of attraction for the second stable equilibrium potential which appears whenf > 0.048. At each value off, the upper curve shows the most depolarized voltage contained within this basin, while the lower one indicates the most hyperpolarized potential in the basin. (See Fig. 11 for an example of a basin of attraction in the n-V plane.) toward a stable focus as time progressed so that the time course was a damped oscillation. Unstable foci had complexvalued eigenvalues with real parts greater than 0. Local trajectories spiraled outward away from an unstable focus as time increased. This corresponded to unstable oscillations with progressively increasing amplitude in the time domain.
The information contained in a phase portrait (Fig. 10 A) can be summarized in a bifurcation diagram (Fig. 10 B) . This diagram traces the loci of the equilibrium potentials as a parameter of the system is varied. In Fig. 10 B the equilibrium potentials are plotted with increasingf; [K]0 is fixed at 4 mM. The stability of any equilibrium potential is indicated by the format of the line. The dynamical features implied by this bifurcation diagram have direct physiological correlates.
For the normal [K]0 condition, a stable node always occurred at an equilibrium potential of -85 mV, over the entire interval of 0 <f< 0.1. This means that the membrane voltage will always approach this resting potential monotonically, with no oscillations. This resting potential did not shift, because the left-hand branch of the V-nullcline is insensitive to changes inf (Fig. 10 A) . Asfincreased, two additional equilibrium potentials were created. The three equilibria that oc- Fig. 7 . For values of 0.0 13 < f < 0.048 the two new equilibrium potentials were both unstable. The dashed portion of the diagram traces the locus of the unstable focus created at the most depolarized equilibrium potential for a particular value off. The surface potential will never come to rest at this value and create depolarization block of action potentials.
As f increased beyond 0.048, the depolarized equilibrium potential abruptly changed from an unstable focus to a stable one (transition from open to filled squares in Fig. 10 A) . Therefore with these larger values of f, the membrane potential may settle to this new depolarized equilibrium position with an oscillatory time course. The existence of multiple stable equilibria divided the n-V phase plane into two regions; one where all trajectories settled monotonically at the more hyperpolarized stable node, the other where every trajectory spiraled into the depolarized stable focus. Each region is called a basin of attraction for a particular equilibrium potential. A competition between two stable equilibrium potentials is shown in Fig. 11, A and B. When the system started from the resting potential, then for every possible current pulse, the trajectory in the n-V plane returned to the original resting potential at -85 mV. This occurs because a brief current pulse always shifts the system horizontally in the n-V plane. As shown in Fig. 11 A, any horizontal deviation from the resting potential was outside the basin of attraction for the stable node at -31 mV (shaded area). If a depolarizing impulse is applied during the repolarizing phase of the action potential (arrow), however, then the system may jump to a second trajectory that lies within the basin of attraction for the stable focus (Fig. 11 B) . The trajectory spirals toward the equilibrium potential, because the eigenvalues are complex at that singularity. The physiological implication is that all action potentials starting from the resting potential at -85 mV have a normal time course and return to the same membrane potential. If a current pulse is applied during the repolarizing phase of the action potential, however, then the membrane voltage may settle in a damped oscillatory fashion to the depolarized equilibrium potential. From this depolarized membrane voltage the system is incapable of producing a regenerative spike, because any depolarizing current pulse from this point in the n-V plane moves the system into a region where dV/dt is negative. It is analogous to depolarization block in a paralyzed fiber. However, the system can be returned to the normal resting potential by either a large depolarizing or hyperpolarizing input, so long as the input is sufficiently large to force the system to a trajectory in the basin of attraction for the resting potential at -85 mV (the unshaded region in Fig. 11 A) . Finally there are no stable limit cycles in the bifurcation diagram in Fig. 10 B. This means that the system will never produce an infinite train of discharges. No matter what value fattains, the system always relaxes to one or the other stable equilibrium potential. The boundary for the basin of attraction to a stable focus was computed by starting at the equilibrium potential and integrating numerically backwards in time. All trajectories that enter this region will spiral toward the focus. The filled circles show the path that was traversed when the system was depolarized from a resting potential of -85 mV. Any current stimulus applied at the resting potential drives the system to a trajectory that lies outside the shaded region, and therefore the membrane potential returned to -85 mV. If a depolarizing current was applied during the repolarizing phase of an action potential before n recovered to < 0.3 (arrow), then the system was driven into the basin of attraction for the stable focus at -31 mV. The trajectory is plotted with a time increment of 0.1 ms; the integration time step was .01Ims. diagram (Fig. 12) . When [K]O equaled 10 mM, four major changes occurred. First, asf increased, the stable node that defined the resting potential did shift slightly in the depolarizing direction (Fig. 12 B) . This implies that, unlike the case when [K]O = 4 mM, an increase in the proportion of noninactivating sodium channels will cause a spontaneous, albeit small, depolarization of the resting potential. Second, beyondf = 0.011, this equilibrium potential no longer exists. The sudden change occurs because the V-nullcline shifts upward and loses the point of intersection with the n-nullcline as shown in Fig. 12 Fig. 13 A. Because the remaining equilibrium potential had complex-valued eigenvalues with positive real parts, trajectories near the equilibrium potential spiraled outward with time and asymptotically approached the limit cycle. Trajectories that began outside this loop spiraled inward with time to approach the limit cycle. The amplitude of the limit cycles increases with larger values offas drawn in Fig. 12 In C and D, f was increased to 0.024. With a larger proportion of noninactivation Na+ channels, the equilibrium potential converted to a stable focus with an associated basin of attraction (shaded region). All trajectories starting outside the limit cycle spiraled in toward it. From the interior of the limit cycle, trajectories either spiraled outward or inward toward the stable focus, depending on whether they were inside or outside of the basin of attraction, respectively. (D) The time course is shown for a trajectory that started outside the limit cycle. A depolarizing current pulse at the end of an action potential drove the system to an adjacent trajectory that was inside the basin of attraction for the stable focus.
at the equilibrium potential in the n-V plane as shown in Fig.  12 A. Therefore, any depolarizing pulse always displaced V into a region where dV/dt < 0 and the membrane repolarized. In addition, since dn/dt is positive at all regions to the right of the n nullcline the trajectory can never pass downward into a region where dV/dt > 0. There is never any possibility of a regenerative current to further depolarize the membrane. At these depolarized equilibrium potentials, the outward potassium current always exceeds the inward Na+ Fig. 10 B) . If the extracellular K+ is elevated, then as little as 2% of noninactivating channels can create a 30-mV shift in the equilibrium potential (cf. Fig. 12 B) . These large shifts occur because the gNa is approximately six times larger than gK (see Table 1 ). Consequently, a large membrane depolarization is required to open a large enough fraction of K+ channels to balance the current passed by even a small proportion of noninactivating Nae channels. This is further supported by the observation that increasing the effective gK with Cromakalim and related K+ channel openers hyperpolarizes the membrane and alleviates the weakness in hyperkalemic periodic paralysis (36) .
An impairment of sodium channel inactivation does contribute to the development of myotonia, but additional factors are required to sustain the train of action potentials. Both the toxin experiments on rat muscle (17) and the model simulations demonstrate that the electrical integrity of the T-tubule system is necessary to produce sustained runs of myotonic discharges. This is a feature in common between the myotonia produced by a low chloride conductance in the goat (21) and that produced by the defective sodium channel in HPP and paramyotonia congenita. As first proposed by Adrian and Bryant, it is probably an accumulation of K+ in the lumen of the T-tubule that drives the train of discharges after the end of a current pulse (21) . In fact, the inability of an earlier version of the model to generate sustained runs of action potentials led us to add a second, "T-tubule" compartment to our model. With a model, the "thought experiment" can be performed wherein K+ accumulation is prevented without otherwise changing the capacitive load or ionic conductance of the T-tubule. This cannot be achieved experimentally, but in agreement with the simulations of Adrian and Marshall (20) , we conclude that the K+ accumulation is the critical feature of the T-tubule compartment that promotes repetitive firing.
The reduced version of our model simulates an isolated patch of membrane and can be represented conveniently in the n-V phase plane. It shows explicitly that the combination of a noninactivating sodium current and an elevated extracellular K+ not only enables myotonia to occur, but also may lead to a state in which the only possible long-term behavior is repetitive firing with no stable equilibrium potential (Figs.  12 B, 13 A, and 13 B) . This illustrates that the local K+ gradient, and not some distributed network property of the T-tubule, drives the train of spikes. Of course, in a physiological preparation the sustained firing would alter the extracellular K+ so that the cell would not discharge indefinitely. Rather, the progressive increase in K+ would cause the membrane potential to settle on a depolarized value (cf. Fig. 5 C) . Conversely, when the extracellular K+ is normal or low (see Fig. 10 B) then the system can not produce an infinite train of discharges. At least one stable equilibrium potential always exists over the entire range off, and there are no limit cycles. Perhaps this absence of limit cycles in the phase diagram for low values of K+ is an explanation for the extreme rarity of having myotonia in an individual with hypokalemic periodic paralysis. In that disorder, the muscle is also depolarized to about -55 mV during attacks of weakness, and paralysis is also caused by depolarization-induced inactivation of sodium channels. Unlike the hyperkalemic case, however, during episodes of hypokalemic periodic paralysis the extracellular K+ is 2-3.5 mM which might prevent the membrane from sustaining a repetitive train of discharges.
The model demonstrates that a [K]-dependent development of myotonia or paralysis in muscle with disrupted Na+ channel inactivation does not necessarily imply that the defect in Na+ channel function is [K] 
APPENDIX: STABILITY ANALYSIS OF THE REDUCED MODEL
The reduced model defined by Eqs. 23 and 24 was analyzed by finding equilibrium positions of the system and determining the stability of each equilibrium. Equilibria occur at critical points, (,f), where dV/dt = 0 and dn/dt = 0 simultaneously. These loci were determined numerically by iteratively varying V in Eq. 23 until dV/dt was arbitrarily close to 0. In this computation n(V,t) was set equal to n,(V) so that Eq. 24 would be satisfied simultaneously. An equilibrium point is stable if any nearby point (#i+8, Q+8) remains nearby for all future time. If the system tends toward (n,V) as t approaches infinity, then the equilibrium is asymptotically stable. The stability of any equilibrium point in a nonlinear system is identical to the stability of a first-order approximation of the system at that point. Using this fact, the problem is reduced to an analysis of the stability of a linear system which is easily computed from the roots of the characteristic equation (eigenvalues). For Eqs. 23 and 24 the linearized system in the neighborhood of an equilibrium point is: 
